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LOCAL CONVOLUTION OF ^-ADIC SHEAVES ON THE TORUS 



ANTONIO ROJAS-LEON 



Abstract. For K and L two £-adic perverse sheaves on the one-dimensional 
torus G„ J over the algebraic closure of a finite field, we show that the local 
monodromies of their convolution K * L at its points of non-smoothness is 
completely determined by the local monodromies of K and L. We define local 
convolution bi-exact functors P^^'^j for every s,t,u G Pi that map continuous 
i?-adic representations of the inertia groups at s and 4 to a representation of 
the inertia group at u, and show that the local monodromy of K * L at u is 

(u) 

the direct sum of the P^^, applied to the local monodromies of K and L. 
This generalizes a previous result of N. Katz for the case where K and L are 
smooth, tame at and totally wild at infinity. 



1. Introduction 

Let fc = Fg be a finite field of cliaracteristic p, k a. fixed algebraic closure and G 
a one-dimensional smooth afRne group scheme over k (so G is either the affine line 
A| or the torus Fix a prime number i ^ p, and let V'^^G, Qg) be the derived 

category of constructible £-adic sheaves on G. The convolution is a triangulated 
bifunctor V''^{G,Qi) x V^^{G,Qe) ->■ V''^{G,Qe) given by |Kat9ni 8.1.8] 

K 't', L = Rm.{K^L) 

where ct : G x G — > G is the group operation map. 

If G is obtained from a group scheme Go over k by extension of scalars, then 
*! L is naturally defined over k for every K,L G ©^(Gq, Qf). Moreover, on the 
level of Frobenius traces the operation corresponds to the usual convolution in finite 
abelian groups: for every t ^ k, ii K{t) denotes the trace of a geometric Frobenius 
element at t acting on the stalk of if at a geometric point over t (and similarly for 
L) then 

{K*, L)(t) = ^ K{u)L{v). 

uv—t 

This is an easy consequence of Grothendieck's trace formula. 

There is another variant (^-convolution) where one takes direct image without 
supports: if *^ L = Ra^,{K ML). If we ignore objects belonging to a certain 
subcategory of 'D'^{G,Qi) (those whose cohomology sheaves are of Artin-Schreier 
type in the additive case, and of Kummer type in the multiplicative case) both 
operations coincide, and they preserve the subcategory of perverse objects |Kat961 
2.6]. [GL96l Proposition 3.6.4]. 

If G = A^, for any non-trivial additive character tp : k ^ Q} the Fourier trans- 
form with respect to ip FT'^ : P^(A^,Q<,) X'^(A^,Q£) is an auto-equivalence 
of categories and interchanges convolution and tensor product |Bry86[ CoroUaire 
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9.6]. For a perverse object K G 2?^(A|;,Q£), Laumon's local Fourier transform de- 
scribes the local monodromies of FT''^ [K) at its points of non-smoothness in terms 
of those of K. In particular, \i K^L ^ 2?^(A|, Q^) are perverse, we can completely 
determine the local monodromies oi K *\ L in terms of those of K and L (modulo 
Artin-Schreier objects), see for instance |Lau87[ 2.7]. 

In the multiplicative case things are more complicated, since there is no algebraic 
multiplicative analog of the f-adic Fourier transform. For a particular class of 
objects K £ 2?^(G^ k^Qe) (those which are smooth on j., tamely ramified at 
and totally wild at infinity) N. Katz and O. Gabber proved |Kat88al Chapters 6 
and 7] that the local monodromies at and oo oi K *\ L are completely determined 
by those of K and L. In this article we will generalize this to arbitrary objects 

More precisely, let X C p5; x P|; x be the Zariski closure of the set {(x, y, z) G 
= xy} C J,. For every t G ¥^(k) let /* C Ga\{k{tY''P /k{t)) denote the 
inertia group at t, and let TZt (respectively 7?,™) be the abelian category of finite 
dimensional continuous €-adic representations of It (resp. the totally wild ones). 
We will construct bi-exact functors p\^\^ : TZ* x TZ^ ^ 7^* for every (s,<, u) G X 
(where TZ^ = 7tf for t — {) oi t ~ oo and TVl — TZt otherwise) such that, for any 
semisimple perverse objects K^L G T>\{G^ k^^t)^ the local monodromy oi K *\ L 
at u G P"'^(fc) is given by 

where and L(f) denote the local monodromies of -ftT at s and of L at t respec- 
tively, in a sense that will be made precise later. 

We now describe briefiy the structure of the article. In the first section we review 
the main results about convolution and Fourier transform that we will make use 
of. In the second section we prove a conjecture by Katz which gives a precise 
description of the monodromy at infinity of the convolution of two objects which 
are smooth on G„ j,, tame at and totally wild at infinity. This result will be used 

(u) 

later to deduce some properties of the functors Pi^g t)- "^^^ next two sections make 
up the core of the article, and in them we define the functors P^i^^t) w = oo or 
and for u £ k* respectively) and prove the main theorems 14.11 and 15.11 In the last 
section we discuss what can be said about the tame part of the monodromy at 
and infinity. 



2. Review of convolution on G™ and local Fourier transform 

In this section we will review the main definitions and results to be used through- 
out this article. Let fc be a finite field, k a fixed algebraic closure and G„j the 
1-dimensional multiplicative torus over k. Fix a prime i different from the char- 
acteristic of k. Let 5ft.(G„j J,, Qf) be the abelian category of constructible ^-adic 
sheaves on G„^^, and Pj(G„^,Q£) the corresponding derived category. 

Given two objects K,L G X'J(G„j ^.,Qe), their convolution is the object 
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where : G„ j, x G„j j. — > G„j j, is the multiphcation map. There is also a "without 
supports" variant 

K*^L = Rfi4K^L). 

They are both associative and commutative triangulated bifunctors. The two types 
of convolution are interchanged by duality }Kat96[ 2.5]. 

Let S C J,, Q^) be the full subcategory consisting of objects whose coho- 

mology sheaves are succesive extensions of Kummer sheaves for different finite 
order characters x '■ k* |Del77[ 1.4-1.8]. Then 5' is a thick subcategory 

and an ideal under both types of convolution [GL96[ 3.6.2, 3.6.4], so each of them 
descends to a bifunctor on the quotient category 'D^{G^ i^,Qi)/ S . Moreover, for 
every K,L € V^iG^ j., Qe) the mapping cone of the natural "forget supports" map 
K *t L ^ K L is in S |GL96l Proposition 3.6.4]. In particular both types of 
convolution define the same operation on I?|!((G„j j;, Qf)/^, which we will simply 
call convolution and denote hy K * L. 

Let V be the subcategory of (G^ i^,Qe)/S consisting of (the objects isomorphic 
to) perverse objects, that is, objects K such that W{K) = for i ^ —1, 0, 1iP{K) is 
punctually supported and T-L~^{K) does not have punctual sections. It is an abelian 
category, and by [GL96» Proposition 3.6.4(iii)], the convolution (in X'|!(G^^^, Q.i)/S) 
of two objects in V is in V. Therefore, convolution defines a bi-exact associative 
and commutative functor V x V ^ V . 

Let K e 2?J(G„ Q^) be a perverse object, and consider the action of the mon- 
odromy group /q at on the generic stalk V of H"i(A"). By jKat88a| Proposition 
1.1, Lemma 1.8], there is a canonical decomposition V = V* ® into its tame 
part (on which the wild inertia group Pq Q Iq acts trivially) and its wild part (on 
which Pq acts with no invariants). Then does only depend on the class of K 
in V: li K = L in V, K and L can be joined by a chain of maps Kn — Ln whose 
mapping cones Ajf„ are in S. We have then exact sequences 

But as representations of Iq both 'H~^{Mn) and T-L^{Mn) are tame, so there is 
an isomorphism between the wild part of the monodromies at of T-i~^{Kn) and 

For any K ^ V, we denote by K"^^ the wild part of the action of Iq on 
'H~^{K). Similarly, the wild part of the action of the inertia group loo at infinity 
on T-L^^{K) only depends on the class of K in V, we will denote it by K'^^y 

We will say that an object G 7^ is semisimple if it is isomorphic in "P to a 
semisimple perverse sheaf. By [Katlli paragraph after Lemma 3.3], the convolution 
of two semisimple objects is semisimple. For K e Pj!(G„j.,Qf) a semisimple 
perverse object and t d k*, consider the specialization map Kt — > Kff, where f] 
is a geometric generic point of G„ ^, Kt and Kf^ are the stalks oi K at t and f] 
respectively and It acts trivially on Kt. Let Ct be its mapping cone viewed as an 
object of the derived category of representations of the inertia group It at t. Since 
'H~^{K) does not have punctual sections and 7I^{K) is punctual, the cohomology 
of Ct is concentrated in degree —1. We define K(t) ~ 11^^ {Ct). We have an exact 
sequence of /(-representations 

^ n-\K)^in-\K)t ^ ^ n°{K)t o 
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where H^^{K)t is the stalk of H^^{K) at t, which coincides with the /t-invariant 
subspace of 'H~^{K)fj since K is semisimple (so H^^{K) is a direct sum of middle 
extensions) . 

It is clear that if K and L are semisimple perverse sheaves which are isomorphic 
in V then ^(j) = L^j) as representations of It for every t ^ k* (since M(j) = if 
M is an extension of Kummer objects). We can then define := L(j-) for every 
semisimple K € V, where L is any semisimple perverse sheaf isomorphic to K in 
V. 

Fix a non-trivial additive character ip : k ^ . The Fourier transform FT'^' with 
respect to V' is an auto equivalence of categories I?^(A|,Q^) 'D'^{A^,Qg), whose 

inverse is the Fourier transform FT''' with respect to the conjugate character. Let 
j : G„ J, — > A|, be the inclusion. Given an object K G I?J(G„j j,, Q^), we set 
FT'^(_if) j*FT'''{j,K). U K e S then FT'^{K) e S, since the Fourier transform 
of restricted to G„j ^ is again constant, and the Fourier transform of an 

object of the form is an object of the same form (Lau87[ Proposition 1.4.3.2]. 

Therefore FT"^ descends to a functor in the quotient category 'D^{G^j.,Qi)/ S . In 
particular, since FT'^ takes perverse objects to perverse objects [ KL85| CoroUaire 
2.1.5], it defines a functor FT'^' : V ^ V. It is an auto-equivalence of categories 
with inverse FT"^. 

Laumon's results relate the local monodromies of an object K ^ P and its 
Fourier transform. The following theorem summarizes the results in our notation. 
Throughout this article we will refer to this result as Local Fourier transform theory 
(LFTT). 

Theorem 2.1. |Lau87[[Kat88b] For every t G pi(Ai) let TZtJrespectively Uf ) he the 
category of representations of the inertia group It C Gal(fc(a;)'"^^/fc(x)) (resp. the 
category of totally wild representations of It). There exist exact functors FT(o,oo) '■ 
Tlo — > T^oo, FT(oo^oo) : TZoo ^ T^oo, FT(oo,o) : Ti-oo -> T^o, 'P^(t,oo) '■ T^t — > T^oo and 
FT(oo,t) '■ Ti-oo Ti-t for t G k* such that for every semisimple K G V we have 

(1) (FT'^X)-^) - FT(o,oo)ifro) ® FT(^,^)X-^) ® 0,,,. FT(,,^)if(,). 

(2) (FT^X)^o)-FT(o,^o)^roo)- 

(3) (FT'^X)(t) - FTioo,t)K^^) for t € k\ 

Moreover, these functors have the following properties: 

(1) If J- £ TZq has a single slope a > and dimension n, FT(g has a single 
slope and dimension {a + l)n. 

(2) If T E TZoo has a single slope a > and dimension n, FT(oc.oo)-^ *s if 
a < 1, and has a single slope and dimension (a — l)n if a> 1. 

(3) If J- G TZoo has a single slope a > and dimension n, FT(oo.o)-^ if 
a > 1, and has a single slope and dimension (1 — a)n if a < 1. 

(4) For t G k* , if we identify TZq and TZt via the translation map x t-^ x + t, 

we have FT(t^oo)-^ — ® FT(o,oo)-^ and FT(oo,t)-^ = FT(oo,o) (-^ ^ -C^^t ) 
where C^^ G TZoo is the representation given by the Artin-Schreier sheaf 
associated to the character -04 : fco — )> fcp, x i— ?> '0(Tr/jQ/fc(te)) and ko = k(t). 
In particular, FT(t_oo)-?^ has slope 1 for any T G TZt, and FT(oo = for 
any t G k* if T does not have 1 among its slopes. 
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Proof. Since all properties are preserved by taking direct sums, we may assume 
that K is a simple perverse sheaf. Then K is either punctual on degree 0, or an 
irreducible middle extension on degree —1. In the latter case, if T-L~^{K) is not 
of Artin-Schreier type then it is a Fourier sheaf in the sense of |Kat88al 8.2], and 
the theorem is just a rewrite of the results in |Lau871 Theoreme 2.4.3] . jKatSSbl 
Theorems 8-13] for the functors defined in jLau87| 2.4.2.3]. If U-^{K) is an Artin- 
Schreier sheaf then the Fourier transform of K is punctual supported on t. 
If K is punctual, K — 5t[^] for some t ^ k* , and its Fourier transform is £^^[1]. 
So it only ramains to check that FT(-j o^-) of the trivial character is the character 
of loc induced by the Artin-Schreier sheaf C^^ and, reciprocally, that FT^q^ of 
the character C^^ is the trivial character. This is just a consequence of property 
(4) above and the fact that FT(o,oo) and FT(oo,o) take the trivial character to the 
trivial character [Lau87i Proposition 2.5.3.1]. □ 

3. A CONJECTURE OF KATZ 

We keep the notation and hypotheses of the previous section. Let C be the 
subcategory of V consisting of objects isomorphic to £[1], where C G 45/i(G^ j,, Q^) 
is smooth on G^fej tamely ramified at and totally wildly ramified at infinity. 
By [Kat88a[ Theorem 5.1(1)], C is invariant under convolution. More precisely, 
a J^,G & iS/i(G„ J, Q^) are smooth, tame at and totally wild at infinity, then 
J"[l] *!5[1] = ^"[1] **^/[l] = ■H[l], where H G iS/i(G^ j,, ) has the same properties. 
By abuse of language, we will write T * Q = 7i in that case. 

In jKat88a[ 7.6], N. Katz gives a conjectural formula for the slopes (and their 
multiplicities) of * ^ at infinity in terms of the slopes and multiplicities of T and 
Q for ^-"[1], ^[1] G C. One of its equivalent formulations is the following: 

Proposition 3.1. Let K — J-[l\. L — Q[l\ £ C have single slopes a > and b > 
at infinity respectively. Then K * L has a single slope at infinity. 

We will prove the proposition via some technical lemmas. 

Lemma 3.2. Let K,L,M e D^(G„j,Q<;). Then 

Rr,(G„,fe, {K *, L) M) = RT,{G,„-„K {{l''L) *, M)) 

where l : G„j j, — )■ G„ j is the inversion map. 

Proof. If /i : G„j J x j. — > G,„ j. is the multiplication map, we have 

Rrc(G,„,fe, (K *, L) (g) M) = RTc{G^J,,R^i,XK M L) (g, M) = 

= Rr,(G^,fe,RM!((if S L) ® p^-M)) = Rr,(G„,j x G„j, {KML)® ^i*M) 

by the projection formula. If tti, 7r2 : G„j x G„j — >■ G„j are the projections then 

Rr,(G„,^fc X G„_fc, {KmL)® fi*M) = RT.iG.^-^ x G„,,fc, 7r*K ® ® /i*M). 

Consider the automorphism cf) : G„j ^ x G„j ^ — > G„j ^ x G„ j, given by (a;, y) ^ 
(xy, y~^). Then /i = tti o 0, tti — ^ o <p and l o — tt2 o ip, where t : G„j — > G„j ^ 
is the inversion map. It follows that 

Rr,{G^-k X G„^fc, nlK 7r*L ® ^i*M) ^ 

^ Rrc(G„_fe X G„j,//^is:(g)7rJi*L(8)<M) = Rrc(G„^fe, X (g) R/ii ((t*L) H M)) = 
= Rre(G„,fc,i^®((i*L)*,M)). 

□ 
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Corollary 3.3. Let K,L e 2?^(G„,^, Qf), : k ^ Q* a non-trivial additive 
character and the corresponding Artin-Schreier sheaf. Then 

Proof. This is immediate from the previous lemma and the formula [Kat90[ Propo- 
sition 8.1.12] 

(iU)*!/:^[l] =FT'^L. 

□ 

Lemma 3.4. Let K ~ J^[1],L = Q[\\ G C have single slopes a > and b > at 
infinity respectively. Suppose that 1 < ^ + < 2. Let i/; : k be a non-trivial 

character and the corresponding Artin-Schreier sheaf. Then the Swan conductor 
of {K * L) ® at infinity is equal to its rank. 

Proof. Let m, n be the ranks of F and Q respectively. According to jKat88a[ Theo- 
rem 5.1(4)] the rank of F*Q (and therefore also of {J^*Q)®C'tp) is mn{a-\-b), so we 
need to show that the Swan conductor at infinity of {J-*G) <S) is also mn{a-\-b). 

Since {T*G)(^C^[1] G C is smooth on Gj^j. and tame at 0, by the Ogg-Shafarevic 
formula we have Swanoo((-^* 5) ® C^p) = —xi'^m.k^ {^*Q) O-C^). But by corollary 
[Qthe Euler characteristics of (J" * ® = n^^{{K *! L) C^) and K (g) FT'^L 
are equal. 

Since i + i < 2, at least one of a, 6 is greater than 1. By the commutativity 
of the convolution, we may assume without loss of generality that 6 > 1. Then Q 
has no Artin-Schreier components, so FT'^'i = ■H[l] for a middle extension sheaf 
% £ Sh{Gj^ k,Qe)- Since Q has slope b with multiplicity n at infinity, LFTT tells 
us that H is smooth on j., tame at 0, and the wild part of its local monodromy 
at infinity has as its only slope, with multiplicity n{b — 1). On the other hand, 
the rank of H is minus the Euler characteristic oi Q ® . Since has slope 1 at 
infinity and b > 1, Q ® has a single slope b at infinity and therefore its Euler 
characteristic is —nb by the Ogg-Shafarevic formula. We conclude that % has rank 
nb, and in particular its tame part at infinity has dimension nb — n(b — 1) = n. 

Then T T-L is smooth on G„ and tame at 0, so its Euler characteristic is 
minus its Swan conductor at infinity. Since J- has a single slope a with multiplicity 
m and H has slope > a with multiplicity n{b — 1) and slope with multiplicity 
ri, we conclude that J- (gi H has slope with multiplicity mn{b — 1) and slope 
a with multiplicity mn |Kat88a| Lemma 1.3]. Its Swan conductor is then mn{b — 
+ mna = mn{a -\- b). □ 

Lemma 3.5. Let K = J-[l], L = Q[l] G C have single slopes a > and b > at 
infinity respectively. Suppose that 1 < ^ + i < 2. Then all slopes of K * L at 
infinity are < 1. 

Proof. Let M be the generic stalk oi J- * Q as a. representation of Poo, the wild 
inertia group at infinity. Then we have a decomposition [Kat88iil Proposition 1.1] 

M = M<i © M=i © Af>i 

where Af<i (respectively M=i, M>i) has all slopes < 1 (resp. = 1, > 1). Fix a non- 
trivial character ip : k ^ Q^. By |Kat88al Lemma 8.5.7], for every Poo -irreducible 
subspace N of M=i there is exactly one a £k* such that N (g) C^^u) has all slopes 
equal to 1 for every b ^ a, where C^^pt) is the pull-back of the Artin-Schreier sheaf 
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C-tj, by the muhiphcation by h map. Therefore, for all but finitely many b Q k the 
Poo-representation M=i eg) C^(^bt) has all its slopes equal to 1. Then for all such b 

M ® £^(M) = (M<i ® C^(bt)) ® {M=i (E) C^(u)) ® (M>i «) /:v,(6t)) 

has all slopes > 1, and all of them equal to 1 if and only if M>i — |Kat88a[ 
Lemma 1.3]. In particular, the Swan conductor of {F * Q) ® J~-^(bt) at infinity is 
greater than or equal to its rank, with equality if and only if M>i = 0. We conclude 
by lemma [3^ applied to the character ip{bt) (extending scalars to a finite extension 
of k if necessary). □ 



Lemma 3.6. Let K — J-[\]^L = Q[l\ G C have single slopes a > and b > at 
infinity respectively. Then all slopes of K * L at infinity are < . 

Proof. Let (r„)„>i be a sequence of rational numbers such that 

(2) r„ has p-adic valuation for every n> 1. 

(3) r„ ^ i + i as n oo. 

If r = ^ is a rational number with m,n > 1 relatively prime and prime to p, for 
every Q^-sheaf H on G„ ^ we denote by [r]*'H the sheaf [m]*[n]j,?^, where [m] and 
[n] : G„j J. — >■ G,„ ^ are the m-th and n-th power maps respectively. By |Kat88al 
1.13.1, 1.13.2] for every n > 1 the sheaves [r„]*J^ and [r„]*5 have single slopes r„a 
and r„6 at infinity respectively, and they are still in C |Kat88al Lemma 5.0.1(5)]. 
Since 1 < + < 2 by hypothesis, we can apply lemma 15751 to them, and we 
deduce that [r„]*J^* [j'n]'^^ has all slopes < 1. 

Now by [Kat88a[ Theorem 5.1(10,12)] there is an injection [r„]*(J"*^) ^ [r„]* J"* 
['^ra]*G, SO [r„]*(J" * Q) has all slopes < 1 and therefore * G has all slopes < r~^ 
[Kat88a[ 1.13.1, 1.13.2]. We conclude by taking n ^ oo. □ 

Proof of proposition \3.1[ Let m, n be the ranks of J- and Q respectively. By |Kat88al 
Theorem 5.1(4,5)] J- * Q has rank mn{a + b) and Swan conductor mnab at infinity. 
Since all mn{a + b) slopes at infinity are < by lemma [321 and they add up to 



■i+b 

mnab, thay must all be equal to □ 



Remark 3.7. By |RL10[ Remark 7.22], this result implies the following estimate 
for exponential sums associated to homothety invariant polynomials: Let g € k[x] 
be a polynomial of degree d prime to p which is not of the form h{x^) for any n > 2, 
and let e a positive integer that divides q — 1. Then for every r > 1 we have the 
estimate: 



< Cd,riq - 1)?' 



xGk* 

where k^ is the extension of k of degree r in k and 

r /cJ + r — i — 1\ /^r— 1 

i=0 



r / \ I 
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4. Local monodromy at infinity of a convolution 

In this section we will show that the wild part of the local monodromies at 
and oo oi K * L is determined by the local monodromies of K and L. For K e V, 
we denote by S{K) the closed subset of k* on which K is not smooth, that is, the 
set of points t G k* such that K(t) ^ 0. 

Theorem 4.1. There exist bi- exact functors P(o.oo) ■ ^ ^oo ~^ "^oo; P(oo.oo) • 
W^y.W^^ and p^t,oo) : 7^t x ^ for t e k* such that, if we define 
P(oo,o)(J^,5) := P{o,oo){G,J^) and P(oo,t){^,Q) P(t,oo){Q,^), for every K,L eV 
there is an isomorphism of Ioo-i"epresentations 

P(s.00)(if(s),irc»)) © ( P(00,t)(ifr00),i(t)) 

ys&S(K) j \teS(L) 

Fix a non-trivial additive character -0 : fc — J' Q^- The key result that we will use 
to construct the local convolution functors is the following compatibility between 
convolution and Fourier transform with respect to -0 |Kat90[ Proposition 8.1.12]: 

(1) if*!j*£^[l] =rFT^(j!i*i^) 

where i : G„ j, is the inversion map t ^ t~^ and j : G„ j. ^ A| is the 

inclusion. If we denote by $ the functor K i-t- K*j*£^ [1], it is clear by associativity 
that $"(fs:) * $''(L) = * L) for every a, 6 > 0. 

Lemma 4.2. T/ie functor ^ : V V is an equivalence of categories, with quasi- 
inverse 

Proof Let K eV, then 

^(^(i^)) = i*j*FT'^(j,j*FT'^(ja^/^)). 

If k : {0} — !■ A|, is the inclusion, we have an exact triangle 

j,j*FT'^'(j,t*if) ^ FT'^'(j,i*if) ^ /fc*fc*FT'^(j,t^i4:) ^ 

which, after applying the triangulated functor FT''' (which is the inverse of FT'''), 
turns into 

FT''' {j^fFT^ {ja* K)) ja^K ^ FT''' (k^k^FT''' (ja* K)) ^ . 

The last object is constant, being the Fourier transform with respect to '0 of a 
punctual object supported at 0. So we get an isomorphism in V 

FT*{ju''FT^{ju*K))=ju*K 

and therefore 

5f($(is:)) ^ L*j*ja*K = L*L*K = K. 
In a similar way one can show that ^{'^{K)) = K in V. □ 

We take P(oo,cx)) to be the "local convolution" operator defined in jKat88a[ Chap- 
ter 6]: If X := -'^(0 0) (respectively S :— Aj^^ denotes the strict henselization of 
A| at (0,0) (resp. the strict henselization of A|, at 0) and 77 is a geometric generic 
point of S, then 

P(CXD,00) 
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where the fibre product is taken with respect to the muhiphcation map X ^ 
{s,t) St. Then proposition KT\ holds for K = J'[1],L = g[l] G C by |Kat88a| 
6.6]. Let 7" C 'P be the subcategory of smooth objects which are tamely ramified 
at |Kat88al 5.2] (the truth of this property is independent of the choice of a 
representative for a class K ^ V). We will now show that proposition 14. II holds for 
objects in T- 

Lemma 4.3. Let K = and L = Q[l] be objects inT QV . Then 
{K * ("oo) — P (00,00) i^foo) ' ^0=0) ) ■ 

Proof. The proof is very similar to that of |Kat88a[ Theorem 6.5]. For conve- 
nience we will review the main steps of the proof, indicating the differences where 
necessary. Consider the hypersurface ^ P| x A| defined by the equation 
XY = tZ^ , and the projection it : V ^ K^. Then if S is the henselization of 
at 0, the map Vs := x^i — > 5 gives a compactification of the multiplica- 
tion map j; x G„j j, — > (G„ fc in a neighborhood of infinity, via the immersion 

By the vanishing cycles exact triangle, the action of I 00 on K * L is then given 
by the action of /q on Rr(K,, R$), where Vs is the special fibre of the map Vs ^ S 
and R$ is the complex of vanishing cycles for the map Vs ^ S and the object 
Kz/x ® Lz/Y = ^z/x ® Qz/yI'A extended by zero to Vg. 

The special fibre Vs is the union of the lines X — Q and F = 0. By |Kat88a[ 
Lemma 6.5.3] (which does not need or to be totally wild at infinity) Jq acts 
tamely on R$ along these lines, except perhaps at the points (0, 0, 1), (0, 1, 0) and 
(1, 0, 0). Similarly, |Kat88a[ Lemma 6.5.4] (which again does not use the hypothesis 
that J- and Q are totally wild at infinity) shows that Jq acts tamely on the stalks 
of R$ at the points (1, 0, 0) and (0, 1, 0). 

Let i : {(0,0, 1)} ^ Vs and j : ^^{(0,0, 1)} '-^ Vs the inclusions. We have an 
exact triangle 

j!/R$ ^ R$ ^ i4R$(o,o,i)) 
of objects on 'D\iys^^.^) with an /o-action, which gives an exact triangle in the 
derived category of £-adic /o-representations 

(2) Rr(V^„j!j*R$) Rr(F„R$) ^ R$(o,o,i) ^ • 

We have seen that /q acts tamely on jij^R^, so it acts tamely on Rr(T4, j!i*R-$)- 
It follows from the triangle above that there is an isomorphism between the wild 
part of the action of /q on H^{Vs, R$) (which is precisely {K * L)^ for i = —1) and 
the wild part of the action of Iq on R*5'(o,o.i) for every i e Z. By |Kat88a[ 6.6], 
R'$(o,o,i) depends only on K(^oo) and i(oo). The functor that assigns to every pair 
{J-,g) of /00-representations their corresponding R^'i>(-^, ^)(o,o.i) preserves direct 
sums, and for and Q totally wild it is Katz's "local convolution". In order to 
finish the proof, it remains to show that R^$(7^"', Q^) is the wild part of R^$(J^, Q), 
where J^^ , Q'^ denote the wild parts of T and G respectively. 

Since R^«>(J""', e?"')(o,o,i) is totally wild by |Kat88a[ Theorem 6.5] and T ^ 
J"* ® J"™, g = ®g"' (where J"* and 0* are the tame parts of J" and g), it 
suffices to show that R^<I>(J^, t/) (0.0,1) is tame if either or is tame. Since every 
tame /o-representation is a succesive extension of tame characters , it is enough 
to show that R^$(£;^, ^)(o,o,i) is tame for any g. By the triangle ([2]), this is 
equivalent to U\Vs,R'^>{C^,g)) being tame for any g. But ll\Vs,R^{C^,g)) is 
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just H^^(>Ct(.[1] *! L) as a representation of /oo, and it is known that C^l^] *\Q '\s & 
succesive extension of Kummer objects |GL96| Proposition 3.6.4]. In particular, it 
is a tame representation of I^o ■ D 

Proposition 13.11 gives the slopes of P(oo.oo){^, G) in terms of the slopes of J" and 
Q. By additivity, we may assume that J- and Q have a single slope. 

Proposition 4.4. If T ,Q G 7?.^ have single slopes a and b and ranks m and n 
respectively, then P{oo,oo)i^:5) has a single slope and rank mn{a + b). 

Next, we will define the functors P{t,ao) for t ^ k* . Let t : P|; — > be the 
inversion map t t^^. It induces equivalences of categories, denoted i*, between 
7^^ and 7^^-l for every i G P|. For J" € 7^t and G 7^^, we set 

where FT(o_oo) and FT((-i go) are the local Fourier transform functors with respect 
to il) (cf. Theorem [^H . 

The slopes and dimensions of P{t.oo){^ iQ) can be given in terms of those of J- 
and Q. As before, we may assume that J- and Q have single slopes. 

Proposition 4.5. If F E TZt, G G TV^ have single slopes a > and 6 > 
and dimensions m and n respectively, then P(t,oo){-F ,Q) has a single slope h and 
dimension mn{a + 1). 

Proof. This is immediate from the definition of P(t,oo), proposition 14.41 and the 

properties of the local Fourier transform. By LFTT, FT(t-i oo)i*J^ = C^p _j (E) 

FT(g 00)1*^^ has a single slope 1 and rank m(a+l). By proposition l4.4[ P(oo,oo)(FT(t-i oo)t*J^, Q) 

has slope and rank mn{a + 1)(& + 1). Again by LFTT we conclude that 

P{t.oo)iJ',G) has a single slope b and rank mn{a + l){b + 1) — mn{a + 1)5 — 

mn{a + 1). □ 

We turn now to the definiton of P(o,oo)- By additivity it suffices to define 
P{o.oo}{J^,G) for J' G TZq with a single slope, since HomT^jj' (J^, J^') = {0} if 
and J-"' have no slopes in common [Kat88a, Proposition 1.1(4)]. We start with the 
case where the slope of 7^ is > 1. In that case, we define 

P{0,oo){J^,G) = '-*FT|^^^^(/9(oo,oo)(FT(oo,oo)''*-^, ^/))- 

Now suppose that the slope of 7^ is 1. By |Kat88a[ Lemma 8.5.7] (applied to the 
irreducible components of J-) there exist uniquely determined ti, . . . ,tr G k* such 
that there is a canonical decomposition 

r 

i=i 

with each Tj having all slopes < 1. We define 

r 

Finally, let F have slope a < 1. The functor T M> ¥T(^^ q-^l* F is an equivalence 
of categories between 7?.g''^^ and TZq, and FT(oo,o)''*-^ has slope = . In 
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particular, ii d ~ \a ^] — 1, the d-th fold operation of the functor on T has slope 
> 1. Therefore we can define recursively 

P{o,oo)iJ^,Q) = '-*FT^^_^)(p(o,oo)(FT(oo,o)'-''-7^,S))- 

Once again we can determine the slopes and dimension of P(o,oo)(-^5 G) terms 
of those of and Q. We may assume that and Q have single slopes. 

Proposition 4.6. If T G TZq , Q € 7V^ have single slopes a > and 6 > and 

dimensions m and n respectively, then P(o.oo) (-^j 5) =0 if a < b, and P(o.oo){^ tQ) 
has a single slope and dimension mn{a — b) if a> b. 

Proof. Suppose that a > 1. Then l*J- has a single slope a, so FT(oo oo)t*J-" 
has a single slope and dimension m(a — 1) by LFTT. By proposition 14. 4[ 
P(oo,oo)(FT(oo,oo)t*-^,C') has a single slope ^jf^ and dimension mn{a- 1)(^ + 
b) = mn{ab+a-b). If a < 6 then > 1, so FT^qI^^ (p(o,,oo) (FT(o,,oo)t*^, a)) - 

0. Otherwise, FTj^^^^ (p(oo,oo) (FT(oo,oo)''*-^, ^)) has slope and dimension TOn(a— 
b) by LFTT. 

Now suppose that a = 1, and let J- = J^j (i> i'* ^^t- with J-j having slopes 

< 1. By additivity, we may assume that r = 1 and has a single slope c < 1. 
Then FT(oq o)'^*-^i has slope and dimension to(1 — c), so by proposition 14.51 
P(ti,oo){P^(QQ,o)i'* ^iiQ) has slope b and dimension mn(l — c)(l + j-^^) = mn. We 
conclude that ^^{p^^^. ,^-^{¥1 (^^ ^-^b* Ti,Q)) is if 6 > 1, and has slope 

and dimension mn{l — 6) if 6 < 1 by LFTT. 

It remains to prove it when a < 1. Then FT^q^ o)*^*-^ has slope = and 
dimension m(l— a). So we can assume, by induction on \a^^^ , that P(o,oo)(FT(oo o)'-*-^; 
if < b and it has a single slope and dimension mn{a—b+ab) otherwise. 



So if < 6 then 

1 — a — 



P(o,oo)(-F,a) = ^*FT7i (0) = 



If a < 6 < -pS- then ?i , > 1, so 

— 1 — a a — o-\-ao — ' 

P{o,oc){J^,Q) = '-*FT(g^^-|(p(o,oo)(FT(oo^o)''*-^,^)) = 0. 

Finally, if a > 5 then P(o,oo)(-7^, 0) = '-*FT(g^_^j (p(o,oo) (FT(oo,o)'-*-^, 5)) has a single 
slope and dimension mn{a — b) by LFTT. □ 

The following cancellation lemmas will be useful later: 

Lemma 4.7. Let J", ^ e 7^^. Then 

^ '-*FT(g^_^j(p(oo,oo)(-7^, FT(o,oo)t*^/)) - P(oo,oo)(-7^, S)- 

Proof. The statement is equivalent to 

,oo)^ P{oo,oo) 

By |Kat861 Theorem 1.5.6] there exist smooth sheaves J^,Q on G„ j,, tamely ram- 
ified at 0, such that their monodromies at infinity are isomorphic to J- and Q re- 
spectively. Then P(oo,oo) (FT(q Q) is the monodromy at infinity of (j'*£^[l] *\ 
by (HI) and |Kat88al 6.6], and FT(o,oo)''*P(oo,oo) (-^: G) is the monodromy 
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at infinity of j*>C^[l] *\ {J-[l] *] We conclude by the associativity of the con- 

volution. □ 

Lemma 4.8. Let t ek*, T eTZt and G eU^. Then 

''*FT(o^^)(p(t,oo)(-^,FT(o,oo)i*5)) = P(t,oo)(-^,^)- 

Proof. Immediate by lemma 14771 and the definition of P[t,oo)- D 

Lemma 4.9. Let J' e TZ^ , G E TZ"^ . Then 

— P{0..oo) 

Proof. We can assume that F has a single slope a. If a > 1 then it is a straightfor- 
ward consequence of the definition of P(o,oo) and lemmas 14.71 and 14.81 If a < 1 we 
have, by induction on \a~^^ — 1, 

^*^^{lo.) (P(0,oo) FT(o,oo)t*e)) = 

= ^^FT-i^)(.'^FT^oi^)(p(o,oo)(FT(o,,o)i*-^,FT(o,oo)i*e))) = 
- ''*FT^^_^^(p(o,oo)(FT(oo^o)'-*-^,^)) = P(o,oo)(-^,^)- 

□ 

Before proceeding with the proof of theorem l4.1l we need an extra technical result 

Lemma 4.10. For every K Cz V there exists some integer n > such that ^"'{K) 
is in T ■ 

Proof. We proceed by induction on d{K) :— [s^^], where s is the infimum of the 
set of positive slopes of K at 0. If d{K) — then K is tame at 0, so ^{K) e T by 
LFTT. If d{K) = 1 then all slopes of K at are > 1, so l*K has no oo-slope in the 
interval (0, 1) and ^{K) is tame at by LFTT. Therefore $($(i^)) = ^'^{K) e T. 

Otherwise, let s = si < • • • < Sm < 1 be the slopes of X at which are < 1. 
Then the slopes of ^{K) at are < ■ ■ < by LFTT, so d{^{K)) = 

[i^^] = {s^-^ — 1] = d,{K) — 1. By induction hypothesis, there is some n > such 
that = is in r. □ 



Proof of theorem \4.1\ We proceed by induction on m -I- n, where m (respectively 
n) is the smallest non- negative integer such that ^"''{K) (resp. $"(L)) is in T- If 
m + n ~ then both K and L are in T, so the result follows from lemma 14.31 If 
m + n > 1, we may assume by the commutativity of the convolution that m > 1. 
Then K * L = vE'($(X * L)) = ^'($(X) * L). By induction hypothesis, we have 

©P(oo,o)(<f(^)roo),iro))® P(^,oo)($(i^)(.),iroo)) © 

p(^,i)($(if)f^),L(,)) 
{K * L)X^^ = .*FT-i^)($(i^) * L)^"^) - 
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yteS{L) 

We will analyze these terms one by one. The first one is, by LFTT, 

^*FT-,i^)(p(oo,oo)(<i>wroo),ir-))) = 
= ^*FTioL) (p(oo,oo) (FT(o^oo)i*ifroo) , ^r-)))® 

P(oo.oo)(-f^(^),-^("oo)) ® P(0.oo)(-f^('iif \-^("oo)) ® P(s,oo){K(s),LJ^)) 

\s£S(K) 



by lemma [4771 and the definitions of P(o,oo) and P(s,cxj)- For the second term, taking 
into account that $ maps the slope s < 1 part of the monodromy at of i^T to the 
slope part of the monodromy at of ^{K), we get 

^'^FT^„i^)(P(o,oo)(<i>wro)>iroo))) = 

= ''*FT^o^^)(p(o,oo)(FT(oo,0)'-*-ftr('JJ)^\i("oo))) = P(0.oo)(-f''[|^)^\i("oo)) 

by definition of P(o.oo)j where K^^-^^ denotes the part of positive slopes < 1 of the 
monodromy of K at 0. 

For the third term we split as a direct sum of its slopes > 1 part L|^g^^^, its 

slope 1 part and its slopes < 1 part L^i^^^ . For the first one we have 



^*FT-„i^)(p(^,„)($(if)-^),L->i)) = 
Now, using that 

$(X)J"^)=FT(o,oo)i*ifroo)©FT(^,oo)i*if;f'® (FT(,-i,^)6'^X(,)) 
we get 

''*FT^^^)(t"^FT(p^^)(p(oo,oo)(FT(o,oo)'-*-f^(^),FT(oo,oo)'-*i|'of ^)))® 
®^*FT^„^^)(.*FT(-„^^)(P(^,^)(FT( 

00,00)'- ^(0) jFT^oooo)'' -^(0) ")))® 

® t*FT(o^^)(i*FT(o^^)(p(oo,oo)(FT(,-i,oo)t*i^(.),FT(oo,oo)t*i^of ^)))- 
se5(if) 
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Notice that the second term m the direct sum vanishes: since both FT(oo, 
and FT(^rx,.oD)'*L^Qj'^ have slopes > 1, their P(oo,oo) has slopes > | by proposi- 
tion 14.41 Then applying '•*FT^^^^ once gives slopes > 1, so it vanishes when 
applying t*FT|~^^^ again. Similarly, the third term also vanishes (in this case 
FT(^-i oo)/,*isr(s) has slope 1). We conclude that 

= ^*FT(o|^)(i*FT(Q^_^)(p(oo,oo)(FT(o,oo)t*^(^),FT(oo,oo)t*iJ"of = 

= '-*FT(p^^j(p(oo,oo)(-^(^),FT(oo,oo)'-*i^f ^)) = P(oo,0)(^(L),-t'|^f ^) 

by lemma l4?7l For the slope 1 part of _L(o-) we get 

r 

= 0^*FT(oi^)(.'^FT(-„i^)(p(^,,^)(FT(o,^).'^if(^),FT(^,o)^'^-^,))) 

if Lj^^ — (8) i*Ctj with all Tj having slopes < 1, since the functor 

P(oo,o){~i L^o)) vanishes for representations with slopes > 1 by proposition 14.61 
Now by lemma 14751 we have 

r 

^*FT(oi^)(.*FT(oi^)(p(oo,,^.)(FT(o,oo)^*ifroo), FT(o,,o)^^^,))) = 

r 

- 0'-*FT(g^^j(p(oo,t,)(^(L),FT(oo,o)''*-7^j)) = P(oo,o)(^(^),i|"o')^)- 
i=i 

For the slope < 1 part of L^-^ we have, recursively, 

= ^*FT(-„i^)(.'^FT(-„i^)(p(^,o)('i>Wroo),FT(^,o).*L;;'<^))) - 

= '•*FT^^_^j(p(oo,0)(^(^),FT(oo,0)''*-^^of ^)) = P(oo,0)(-f^(^),-^|"of 

We conclude that the third term is equal to 

We move now to the fourth term. The set S{^{K)) C k* of points where ^{K) — 
FT {l*K) is not smooth is precisely the set of Sj appearing in the decomposition 
K'^Q^ = 0^^i J-j ® I'^^iisj ^ith Tj having slopes < 1 |Kat88a[ Lemma 8.5.7]. For 
every such Sj , 

so 

s6S(*(K)) 
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= 0t''FT(p|^)(p(s^_oo)(FT(oo,O)'-''-7^i,i("oo))) = P(0,oo)(^^('ii)\i("oo)) 

by definition of P(o,oo)- 

The last term is the direct sum, for t G S{L), of 

^'^FT(o^^)(P(oo.t)('i>(AOroo),i(*))) = 

= '*FT^lo,oo) (P(oo,*) (FT(o^oo)i*ifroo) , 

The last two summands vanish, since by proposition 14.51 t)(J'- has the 
same slopes as J^, so its FT^^^^^ is if these slopes are > 1. Therefore the last 
term comes down to 

by lemma 14.81 The theorem is proved by taking the direct sum of all pieces and 
using the bi-exactness of the functors p(_ □ 

Using the fact that i*{K * L) = {i*K) * {l*L) for any K,L eV, Theorem HT] 
immediately implies 

Theorem 4.11. There exist hi-exact functors P(o,oo) '■ T^q x ~^ ' P(o.o) ■ 
xU^ ^ and p(^t,o) : TZt x ^ for t e k* such that, if we define 
P(oofl){^,Q) P(a,oo){Q,^) and p(^o,t){J^,Q) = P{tfi){0,J^), for every K,L e V 
there is an isomorphism of lo-representations 

{K * = P(o,o)(A'(S)ii(0)) ® P(0,oc.)(-ft^(S))-^("oo)) © P(oc,0)(-^(^)>-^(0))® 

p(,,o)(i^(.),iro))) ® f P(o,t){K("o)^kt}) 
^seS{K) / \teS{L) 

The functors have the same effect on the slopes and dimensions as their 

P(--) counterparts. 

5. Local monodromy at finite points of a convolution 
The finite points version of the main theorem is the following 

Theorem 5.1. For every u £ k* there exist bi- exact functors pIq^q^) • '^o ^ '^oo ~^ 

TZu and P^(^\-^ '■ T^s x TZt ^ TZu for s,t (z k* with st — u such that, if we define 

/^(oo 0) (-^' ^) ("(o -^)' /^"^ every K,L £ V there is an isomorphism of lu- 

representations 

{K*L\u) ^ P(o,oo)(ifro),iroo)) ®p(-.o)(i^roo)>^(o)) ® ptU^(^)^^w)- 

st—u 

Lemma 5.2. Let T ,Q £ TZoo be two representations with all slopes < 1, and let 
a,b ek*. Then t*FT^-^^-|(/9(oo,oo)('C^a<8)-^, C^t^G)) = C^^^^TL for some H £ TZoo 
with all slopes < 1. 
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Proof. Since >C^^ (?) T and (X) both have slope 1 jKatSSai Lemma 1.3], their 
P(oo,oo) has slope i by proposition H^l so ^ := /,*FT^^^^(p(oc,oo)('^^v.„ (8)T,C^^ (8) 
G)) has slope 1 by LFTT. By |Kat88a( Lemma 8.5.7] applied to its irreducible 
components, it suffices to show that A has all slopes equal to 1 for every 
c ^ —ab. 

Let m and n be the dimensions of T and Q. By |Kat86| there exist smooth Q^- 
sheaves on G„^ j^ (also denoted by T and G), tamely ramified at 0, which are isomor- 
phic to T and G as /oo-representations. Since C^p^ 8) J^[l] and C.^^(S>G[^] are smooth 
on j., tamely ramified at and totally wild at oo (with slope 1), so is their con- 
volution [KatSSal Theorem 5.1] (with slope i). The rank of this convolution is 2mn 
by [KatSSal Theorem 5.1(4)]. Then its (inverse) Fourier transform with respect to 
ip FT~"^((>C^^ (g) J")[l]*(£^^(g)5)[l]) has a unique positive slope 1 at with multiphc- 
ity mn, is tame at infinity and smooth on G„j j. of rank 2mn. For every c € k* the 
cxi-slopes ofC^^ are then < 1 (where A = i*FT"^((£^^ » J")[l] * (£^, (8)^)[1])) 
[Kat88a[ Lemma 1.3], and they are all = 1 if and only if its Swan conductor at oo 
(which is its Euler characteristic by the Ogg-Shafarevic formula) is 2mn. We have, 
by corollary [331 

x{(i^-k,c^^ (8A)^ x{G^,-k,c^^ ® * {c^^ ® -F)[i] * {c^, ®Qm)) = 

= x{G^M,C^(»r*/^iL*C.^[l] * (/:^„ ® J-)[l] * {C^,(E>G)m = 
= x(G™,S, ® [1] * (^v. ® * (^^./c ® r*/M^])) = 

- x(G™,s, (^-^z:^-, [1] * {Ci,^ -^)[l]) ® FT(/:v,./. r*/.e)[i]) - 

= x(G™,s,^v:^i(/:^[i] ®-^)[i])®FT(/:v,,/. ®T*/,e)[i]) = 

= x(G„j,tV^iFT(/:v,. ®-F)[l] ® FT(/:,^,^^ ®T*/,e)[l]) 

where tx ■ G„j j, — >■ G„ ^ is the multiplication by A map, and we have made repeated 
use of the fact that {t*K) * {t^L) = t*^^{K * L) 'Ks.m, 8.1.10]. 

The objects FT(>C^^ ® T) and FT(>C^j^^^ ® t^^^G) are smooth on G,„ (except 

at —a and — ^ respectively) of ranks m and n and tame at and infinity by LFTT. 
Suppose that c ^ —ab. Then the Euler characteristic of i*TtiFT{£^^ dg) J^) €5 
FT(£^^^^ ® T*^^G) on G„j is the sum of two local terms. At i the second factor 
is smooth of rank n, so the local term at this point is n times the corresponding 
local term for the Euler characteristic of t*T*]^FT(£^,^ (E) T) (the sum of the drop 
of the rank and the Swan conductor). Similarly, at — ^ the first term is smooth of 
rank m, so the local term is m times the corresponding local term for the Euler 
characteristic of 'FT{C.^^^^ ® t*^^G). We conclude that the Euler characteristic of 
the tensor product is 

n ■ x(G„j, .V*iFT(£^„ ® T)) + m • x(G„,s, FT(£^,^^ ® tI/,G)) = 

= n • x(G„,^, FT(/:v,„ ®F))+m- x(G„,^, FT(/:^,^^ ® t*/^G)) = 

= n ■ x{G^ k,C^^ (g) J") TO ■ x(G„ fe, C^^^^ (g) T*/^G) = -nm - mn ^ -2mn 

since, for K e 23^(6^ j,, Q^), we have 

x(G^,S,FT(i^)) = x(ALFT(j,i^)) -ranko(FT(j,if)) = 

= -ranko(jiif) + xi^JiK) - x(G„,fc,if). 
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□ 

(u) 

\\ ( can now define tlie functors : TZs x TZt ~^ TZu for every s,t,u G k*. We 



set 

The previous lemma implies that P^(^\'j = if u 7^ st. 

Next, we define the functor p^^^^^j ■ TZq x TZ^ — > TZu for every u ^ k*. Since 

TZq — ®A>o^o ''*' similarly for TZ^, it suffices to define P(o'oo) (-^' ^) ^ 
having single slopes a,b. If a > 1, we set 

P(o?oo)(-^'^) - ^*FT-i_,_^)(p(^,^)(FT(^^^).*^,t;)) 

If a = 1, 

P^£ooM^S) = ^^FT(-;_,^^)(0 P(*,oo)(FT(^,,).*J-,g)) 

tefc* 

where the last sum is finite, since there are only finitely many t G k* such that 
FT(oo,t)'-*-^ 7^ 0. If a < 1 we define 

Notice that in all cases P(o^oo)(-^' ^) = if a 7^ 6, since FT^^^_i can only be 
non-zero for representations with slope 1. 

Proof of theoremlKH We have K * L = '^{<^{K * L)) = *(<i>(/f ) * L). By theorem 

© P(o,oo) ('i>(^)ro) , ^foo)) ® /'(oo.o) ($(i^)roo) , ^ro) )® 

yseS($(/f)) / \tes(L) 

We are only interested in the slope 1 part, which gives rise to non-trivial monodromy 
at finite points after applying ^. 

If F has slope a < 1 and Q has slope 5, then by proposition l4.4l p(^ Q) has 

slope (a-i 6-i)-i < (1 + 6"i)"i = ^ < 1. Similarly, if a > 1 P(^fl){T,Q) (if 
non-zero) has slope (a~^ — 6^^)^^ > (1 ^ fe^^)^^ = > 1. On the other hand, 
by proposition 14.51 /3(^^)fJ^. Lm) has the same slopes as J^. We conclude that the 
slope 1 part of {^(K) * L)^^-^ is the slope 1 part of 

P(oo,oo)(<&W;"4\iroo)) ® /^(0.oo)(*Wf0)>iroo)) ©/'^^ 

p,,,^){m)(s),L-^A © I P(oo,)(<i>wr4'^w) I - 

^«eS(*(if)) / \te5(L) / 

= P(oo,oo)(FT(oo,oo)(''*^('^i)^^),-^("oc.)) ® P(0,oo)(FT(oo,0)(''*-f'^(Ji)^^),i("oo))® 

® P(oo,o)(FT(o,oo)(t*i^roo)),%) © I P(s,oo)(FT(^,,)(.*if(»„^i),i;"4) j © 
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P(oo,t)(FT(s-i,oo)('-*-f''(s)),-^(t)) 

SO, by definition of p'i^]^y and p(oo,t), 

©^*FT-J-,oo)(P(o.oo)(FT(«,,o)(.*if;)<^),if^)))© 
®^*FT^.-i,oo)(P(oo.o)(FT(o^oo)(^*ifroo)),^ro)))® 

0^*FT(;^-^oo)(P(.oo)(FT(^,s)(^'^i^rof)'^r4 

^'^FT(-J_,_^)(.'^FT^oi^)(p(^,^)(FT(,-i,^)(t*X(,)),FT(,-.,^)(i*L(,))))) ) = 



^p(oL)(^ro).^roo))® p£)(^(^)'^(*))) ® 



It only remains to show that the last term is equal to o)(^(oo)' -^(o))' 
have, using lemmas 14.71 14.81 and 14.91 



^*FT^J_,,^)(p(, 


= i*FT7^ 

(u 


-7oo) 




i,oo) 


© t-^FT-l 


i,oo) 


= i*FT7^ 

(u 


-i,oo) 


© t-^FT-^l 


i,oo) 


© t-^FT-l 


i,oo) 


= i*FT7^ 


-7oo) 


© t-^FT-^l 


i,oo) 


© i'-FT-^l 


i,oo) 



tefc* 



tefe* 
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□ 

The following result generalizes [Katlli Lemma 19.5]. 

Corollary 5.3. Let K,L (^V. Suppose that 

(1) i^(o) o,^d L(^rx,} do not have any positive slope in common and 

(2) if(oo) o,i^d L(o) do not have any positive slope in common. 

Then S{K * L) ^ S{K) ■ S{L). 

Proof. In this case both p|p^^_^^(if(o), i(oo)) and p|j2,o)(^(oo)' -^(o)) vanish for every 
u e k*, so 

(^*^)(«) = 0p£)(^(^)'^(*)) 

st—u 

which vanishes if and only if u ^ S{K) ■ S{L). □ 

For every s G fc* and every T E TZg there exists a semisimple K G V with- 
out punctual part, smooth on G„ ^ — {s}, tamely ramified at and oo and such 
that i^(s) — J'- It suffices to prove it when J- is either a single tame Jordan 
block or totally wild irreducible, since every representation is a direct sum of 
those. In the first case, if has character x ^ 1 and dimension n we can take 
ji,(j)*'H{ip;n l's;n x's)[l], where Hitl^in l's;n x's) is the hypergeometric sheaf as- 
sociated to the n-uples (1, . . . , 1) and (x, . ■ ■ , x)j J • ^m,fe ~ {*} ^ ^m,fc is the 
inclusion and (j){x) = [Kat90[ 8.4]. If T has trivial character (i.e. it is unipo- 
tent) we take ji,(j)*'H{ip', n + 1 x's; n + 1 l's)[l] where x is any non-trivial character 
[KatQOi Theorem 8.4.2]. In the second case, we take where A4 is a 

smooth sheaf on j,, tame at 0, such that its monodromy at infinity is isomor- 
phic to J- viewed as a representation of /oo via the isomorphism Is = loo induced 
by (j) (such an exists by |Kat86| ). 

Corollary 5.4. // we identify 1^ and Ii via the isomorphism mapping the uni- 
formizer x—u of lu to the uniformizer x—1 ofh, thenT*^p''^p^^{F,Q) = p')^^ i^^iTg J- , T^ Q) 
for every T E TZg, G & Ti-t, where t\ : Ii ^ Ii is the automorphism induced by 
(x—1) H> A(a;— 1). In particular, ifJ^andQ are tame then p^^p^~^[J^ , Q) = /o|J\)(-7^, ^) 

Proof. Let K,L eV he smooth on G„j — {.s} and G„j j, — {t} respectively, tame 
at and oo and such that K(s) — ^ ■, -^(t) — Q- Then by theorem 15. II (K * Ii)(st) — 

Let T\ : G„j J, — > G„ j. be the multiplication by A map. Under the given iden- 
tification I\ = Ii, it induces t\ on Ii. The objects t*K and t^L are smooth on 
- {!}> tame at and o o and ( T*g)(i) = t*{K(^s)), {TtL)(i) = T-*{Lf^t))- Using 
that Tx{K * L) = {txK) * L |Kat90[ 8.1.10], we conclude that 

p[;;,)(t; T^g) - {t^k * t:l)^,^ = (r* (x * l))^,^ - 
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The last statement follows from the fact that t^T = J' for every A G fc* is is 
tame (since every such J-" is a succesive extension of tame characters of the form 

□ 

This reduces the study of the properties of the functors P^^f]-^ to those of p^J'-^y We 
now give an alternative local description of this functor, which is more convenient 
for some applications. 

Lemma 5.5. Let S be the henselization ofG^ j. at I, and fj,s ■ (G^ j, xG^ j.) Xjj^ ^ 
S ^ S the map induced by multiplication. Then for every semisimple K, L ^ V 
which are smooth on G„j j. — {1} and tame at and oo we have 

P(M)(^(1)'^(1))-R"'*(14) 
where R$ is the vanishing cycles complex for the object K M L relative to ^s- 

Proof. By additivity we may assume that K and L are irreducible. If one of them 
is punctual the result is trivial, since i5i (the punctual perverse sheaf at 1) is the 
identity for the convolution. So we will assume that K and L are irreducible middle 
extensions. 

Let y C P| X G„ g (with coordinates {{X, Y, Z),t)) be the subscheme defined by 
XY ~ tZ^. The projection tt : V fc is a compactification of the multiplication 

map G^ J, X G^ J. — > G„j j^. On V we consider the object M, extension by zero of 

Kx/z ® Ly/z on the open set XYZ ^ 0. Then by theorem l5.ll p'"^\^(K(^^y Lii\] 
is the (— l)-st cohomology group of the mapping cone of the specialization map 
(R7r^M)i ^ (R^.M)^. 

On the fibre over any i e fc*, the object M is smooth except at the four points 
(0, 1, 0), (1, 0, 0), (1, t, 1) and {t, 1, 1), which are all distinct except for the last two 
when t — I. At (0,1,0) and (1,0,0) it is tamely ramified and the stalk vanishes, 
since K and L are tamely ramified at and oo. li t ^ 1 Ly/z is smooth at {l,t, 1), 
so the drop of the rank plus the Swan conductor of 'H^'^{M) at (l,i, 1) is that of 
"H^^iKx/z) at (l,t, 1) multiplied by n, that is, n times the sum of the drop of 
the rank and the Swan conductor of 'H^^{K) at 1. In particular it is independent 
of t ^ 1. Similarly, the drop of the rank plus the Swan conductor of '^-^(M) 
at [t, 1, 1) is independent oi t ^ \. By jLauSll Theoreme 2.1.1] we conclude that 
H~^(M) (and therefore M = 7^^^(Af)[2]) is universally locally acyclic on V for 
TT, except perhaps at the point ((1,1,1),1). In particular, the vanishing cycles 
complex R$ for the map tt : x^^^ ^ 5 — > 5 is punctual supported on (1,1,1), 

so p^^^^^{Ki,Li) = R^^"I'(i.i,i) = R^^$(i,i) by the vanishing cycles exact sequence 
|DK73[ Expose XIII, 2.1.8.9] 

^ (R-Vaf)i ^ (R~V*M)f^ ^ H"i(l/i,R$) = R"^$(i4,i) ^ (R°7r^Af)i ^ 0. 

□ 

Corollary 5.6. For every T G 7^^ and Q 6 7?.i, if we view them as elements ofTZa 
via the translation t ^ t + 1, we have 

p[\yT,g) = FT(oi^)((FT(o,«,)-F) ® {FT ^0,00)5))- 
In particular, if J- has dimension m and Q has a single slope b and dimension n 
then p^r\\){J^,G) has a single slope b and dimension mn. 
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Proof. Let K, L £ V he scmisimple, smooth on G„j j. — {1}, tame at and oo and 
such that K(^i^ = J^, L(i) = Q. By lemma [5751 we have p\^\\^iJ',G) — R^^'&(i.i), 
where $ is the vanishing cycles complex for K Kl L and the map fis ■ (G„j j. x 
Grn,k) k S ^ By |DK73[ Expose XIII, Proposition 2.1.4] we can write this 
as 

where G,„ (respectively fe (i i)) henselization of fc at 1 (resp. the 

henselization of ^ at (1,1)), fj is a geometric point over the generic point of 
G„ fe (1) and the fibre product is taken with respect to the multiplication map 
II : G^ fe (1 1) ~^ '^m,fc,(i)- Via the translations 1 1-^ t + 1 this is equivalent (with the 
obvious notation) to 

H"'(Ai(o,o) Xa| ,„, V,K'ML') 

where the fibre product is now taken with respect to the map (x, y) i— > (x + l){y + 
1) — 1 = xy + X + y and K' and L' are the objects K and L translated by 1 (so that 
K'^g^ = J" and L'^^^ = G)- Using the automorphism : A? — A| given by 
{x, y) H-T- (a:(2/ + 1), y), which fits in a cartesian diagram 

A2 a2 



fe,(0,0) fe,(0,0) 



fc,(o) ^ ■^fc,(o) 

where a and tt are the sum and product maps, we get that 

where the fibre product is now taken with respect to the sum map and (x, y) are 

the coordinates in A? ,„ . 

fe, (u,u } 

By the bi-exactness of we may assume that is a single Jordan block 

associated to a finite order character x of ^* ■ Since the expression above only 
depends on the restriction of K' to A^ ^.^^ we can take K' to be an indecomposable 

succesive extension of Kummer objects -C^tf]- Then C^(x(y+i)) — ^x(x) ® '^x(a+i)' 
so K'^^yj^-^^ = K'^ ® C^(^yj^i) (since K'^^^y^^-^ is a succesive extension of £^(3;(j,+i)) [1], 
and it must be indecomposable). But £^(j,+i) is trivial on A| so we conclude 
that 

This is just the "local addivite convolution" of K' and L' at 0, as defined in 
|Lau87[ 2.7.2]. By |Lau87[ Proposition 2.7.2.2], we get 

= FT^o^^)((FT(o,oo)-^) ® (FT(o,„o)^)). 

The formula for the dimension and the slope is then a straighforward application 
of LETT. □ 

Corollary 5.7. Let T e TZl and g e TZl Then p''*\.^{T , g) = T ® Q . 
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Proof. Suppose that s = t = 1. By |Lau87[ Proposition 2.5.3.1] and exactness, the 
local Fourier transforms of J- and G are their duals J- and Q. Then by the previous 
corollary 

since J- ®g is also tame. The general case follows from corollary 15.41 □ 

Remark 5.8. If either or 5 is not tame the previous corollary does not hold 
even when s — i = 1, see [Kat96| 3.4.2] for some counterexamples. 

Corollary 5.9. // K and L are everywhere tamely ramified, then K * L is every- 
where tamely ramified. 

For wild J- and g we have the following 

Proposition 5.10. Let T G 7?.s, g TZt of ranks m and n and single slopes a 
and b respectively. Let c he the Swan conductor of T ® i*g. Then has 
dimension mn{a + b + 1) — c and Swan conductor mnab + c. In particular, if a < b 
(respectively a > b) then ^) has dimension mn{a + 1) (resp. mn{b + 1)J 

and Swan conductor mn{a + \)b (resp. mn(b + l)a). 

Proof. Since homotheties do not affect the dimensions or the slopes we may assume 
by corollary 15.41 that s = t = 1. Let K,L € V he semisimple, smooth on G„j — 
{1}, tame at and oo and such that Kf^i-f ^ ifi) = g, and let M = K * L. 
Then xi'^m.k^ ^) — "^('^ + 1) x(G,„_j^^,L) = n{b + 1) by Ogg-Shafarevic, so 
x(Gm.fe,M) — mn{a + l){b + l). Bv theorems 14. Il and l5. 11 Af is smooth on (G„j j; — 

{1}, tame at and infinity and M^i) = p^^^^\^{T , g) . We deduce that 

(3) mn{a + 1)(6 + 1) = xi^mj, M) = dimpj;j^)(.F, g) + Swan g). 

The generic rank of 'H~^(Af) is — x(C^m.fei ® L^/^) for any t € k* — {1}. By 
Ogg-Shafarevic, this is mn{a + 1) + mn{b + 1) = mn{a + & + 2). At 1, we have 
dim-H-^Af)! - dimHO(Af)i = -x{<G^ -k^K ® l*L) = mn + s. So dimA/(i) = 
mn{a + 6 + 2) — mn — s — mn{a + 6 + 1) — s, and Swan Mji) — mnab + c by ([3]) 

If a < 6 (respectively a > b) all slopes oi J- ® L*g are equal to b (resp. to a) 
|Kat88al Lemma 1.3], so its Swan conductor is mnb (resp. mna). □ 

Remark 5.11. One might ask whether corollary |5.6l is still valid when both J' and 
g are wild since, at least when a 7^ 6, it would give the right dimension and Swan 
conductor according to the previous proposition. The following example shows that 
this is not the case. 

Let T = £^((j_i)-2') and g = £^(_(f_i)-2-). They are characters of Ii of Swan 
conductor 2, and 

J"® L*g = £^((i_i)-2_(j-i_i)-2) = 

has Swan conductor 1, since has a pole of order 1 at < = 1. By proposition 

15.101 p||[^^j(J", g) has dimension 4 and Swan conductor 5. 

Now let J- = £^(f-2) and g = £^(_j-2) be the same as before, but viewed 
as representations of /q. Then K — £^(4-2-) [1] and L = £^(_t-2)[l] are perverse 
objects on A|, which are smooth on G„ j,, tame at infinity and such that ii'(o) — -^j 
L(^Q-j = g. Since Fourier transform interchanges additive convolution and tensor 
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product, by LFTT wc have (K *+ L)^o) = FT-„i^j((FT(o,oo)-^) ® (FT(o,oo)^)), 
where K *^ L = Rm{K Kl L) denotes the additive convolution, cr : A| A| being 
the addition map. 

Now using an argument similar to the proof of proposition (STTHl {K *+ i)(o) has 
dimension 5 — c and Swan conductor 4 + c, where c is now the Swan conductor of 
(^rtiG- Since 

■F ® tI^Q = £^,(t-2_(_()-2) = Qi 

is the trivial representation, c — and therefore FT^^^^((FT(o oo')J^)(g)(FT(Q_oo)tJ)) 
has dimension 5 and Swan conductor 4, and in particular it is not isomorphic to 

6. Tame local monodromy at zero and infinity 

In the previous two sections we have seen that, for every K,L G V, the local 
monodromies oi K * L are completely determined by those of K and L, except for 
the tame part of the monodromies at and oo. These are the only parts of the local 
monodromies of a perverse object K that do actually depend on K (as opposed to 
just on the class of K in V). Therefore, in order to give a meaningful result for 
these monodromies we must work with fixed representatives of the classes in V. 

Every class K G V contains a uniquely determined distinguished element Kq: it 
is the only perverse sheaf isomorphic to K in V that does not have any Kummer 
sobobject or quotient (it has property P in the terminology of [Kat96j ). If K 
and L do not have Kummer sub-objects or quotients, the distinguished element of 
K * L G V is the "middle convolution" K *mid L, that is, the image in the category 
of perverse sheaves on G„^^ of the "forget supports" map K *\ L ^ K *^ L |Kat96[ 
2.6]. 

If K and L arise from perverse sheaves on Gm,k which are pure of some weight by 
extension of scalars to k we have the following result, similar to |Kat88a| Theorem 
7.1.4]. For every finite extension k C k' and every multiplicative character x ■ 
k'* — !■ we define the Laurent polynomial Pk,x{T) = Tli^i ^i^^'j where at is the 
number of unipotent Jordan blocks of size i in the tame part {C-^ (i) of the 

monodromy of (i) K &t infinity for z > 0, the number of unipotent Jordan blocks 
of size —i in the tame part (£^ ® ^)(o) "-"^ monodromy oi C^^® K at for z < 0, 
and ao is such that Pk.x{^) the Euler characteristic of K on G„j j;.. 

Proposition 6.1. Let K — Kq (g) k, L = Lq (g) k, where Kq and Lq are perverse 
sheaves on Gm,k which are pure of some weight. Suppose that K and L do not have 
Kummer subobjects or quotients. Then for every finite extension k C k' and every 
multiplicative character x ■ k'* ^ Qi we have the formula 

Pk.^.^lAT) = PkAT)PlJT). 

Proof. Taking a geometrically constant twist, we may assume that K and L are pure 
of weight 0. By |Katll[ Chapter 30], K ^ coxi^) := B°(Pl,joc.\'Rjo*{Cx ^ K)) 
is a fibre functor on the Tannakian category of perverse objects without Kum- 
mer subobjects or quotients under the "middle convolution" tensor product, so 

UJx{K *rnid L) = UJx jK) (g) UJ^W. 

Now by |Katll[ Theorem 16.1], if Pk,x{T) = Y^^rT' (respectively Pl,x{T) = 
bjT^) uJx{K) has Oi Frobenius eigenvalues of weight i for every i e Z and 0Jx{L) 
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has bj Frobenius eigenvalues of weight j for every j € Z. So a;^(A' *mid L) has 
Si+j=i '^i^j eigenvalues of weight I for every I S Z. Therefore 




□ 



We conjecture that the formula is still true for arbitrary semisimple K and L. 
See |Kat88a[ 7.5] for O. Gabber's proof in the case where L G C. 
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